It is well known that transcritical flow past an obstacle may generate undular bores propagating away from the obstacle. This flow has been successfully modelled in the framework of the forced Korteweg-de Vries equation, where numerical simulations and asymptotic analyses have shown that the unsteady undular bores are connected by a locally steady solution over the obstacle. In this paper we present an overview of the underlying theory, together with some recent work on the case where the obstacle has a large width.
Introduction
In general, fluid flow over an obstacle generates wave trains, which can be found both upstream and downstream depending on the system parameters. The most familiar scenario is for free-surface channel flow, but the same essential features arise in many other fluid flows, such as for internal waves. Our special interest is in the critical case, defined as that when the fluid flow supports a linear long wave speed c = 0 in the reference frame of the obstacle. When the flow is not critical, linear theory may be used to describe the wave field, and the solution can be obtained using Fourier transforms; see, for instance [25, 32] . For water waves and internal waves, typically stationary lee waves are found downstream for subcritical flow when c < 0, together with transients propagating both upstream and downstream, while only downstreampropagating transients are found in supercritical flow when c > 0. However, these linear solutions fail near criticality, as then the wave energy cannot propagate away from the obstacle. In this case it is necessary to invoke weak nonlinearity to obtain a suitable theory, and it is now well established that the forced Korteweg-de Vries (fKdV) equation is an appropriate model. In canonical form it is − A t − ∆A x + 6AA x + A xxx + F x (x) = 0.
(1.1) [3] Transcritical flow past an obstacle 3 F 1. Numerical simulation of the fKdV equation (1.1) for a localized obstacle, with F M = 0.45 and ∆ = 0.0.
Unsteady forced solutions
2.1. Transcritical flow over a localized obstacle First we present a brief summary of the asymptotic theory for a localized obstacle, based on the initial study of Grimshaw and Smyth [18] and Smyth [30] . We suppose that F(x) is positive and localized, that is, F(x) ≥ 0 for 0 < x < L, with a maximum value of F M > 0, and is zero otherwise. A numerical simulation is shown in Figure 1 for exact criticality. The solution is characterized by upstream and downstream wave trains connected by a locally steady solution over the obstacle. For subcritical flow (∆ < 0) the upstream wave train weakens, and for sufficiently large |∆| detaches from the obstacle, while the downstream wave train intensifies and for sufficiently large |∆| forms a stationary lee wave field. On the other hand, for supercritical flow (∆ > 0) the upstream wave train develops into well-separated solitary waves while the downstream wave train weakens and moves further downstream (for more details, see [18] [19] [20] 30] ). The origin of the upstream and downstream wave trains can be found in the structure of the locally steady solution over the obstacle. In the transcritical regime this local steady solution A = A s (x) satisfies the equation
which is obtained from (1.1) by setting A t = 0 and performing one integration, yielding C as an unknown constant of integration. We then seek a solution characterized by a transition from a constant state A − upstream (x < 0) of the obstacle to a constant state A + downstream (x > L) of the obstacle, so that the boundary conditions for (2.1) are
4 R. Grimshaw [4] Assuming that the limiting steady states A ± have been determined, we see that upstream of the obstacle there is a transition from the zero state as x → −∞ to A − , while downstream the transition is from A + to the zero state as x → ∞. Each transition is effectively generated in the vicinity of x = 0, but importantly exists in regions where F = 0 and hence can be described either by the "undular bore" solutions, or by a rarefraction wave solution of the unforced KdV equation, as described in Appendix B. A typical undular bore is shown in Figure 10 in Appendix B. For an undular bore to be formed downstream propagating away from the obstacle, A + < 0; otherwise if A + > 0, the transition is a rarefraction wave. Upstream, A − > 0 implies the presence of an undular bore propagating away from the obstacle, while A − < 0 implies that the transition is a rarefraction wave.
Applying the boundary conditions (2.2),
independently of the details of the obstacle shape F(x). Explicit determination of A + and A − requires more knowledge of the obstacle shape F(x) in order to determine C, an issue which is taken up in Section 3. Here, however, following the strategy of Grimshaw and Smyth [18] and Smyth [30] , we note that in the dispersionless, or "hydraulic", limit when the linear dispersive term in (2.1) is neglected, equation (2.1) reduces to an algebraic equation which determines A s (x) explicitly in terms of F(x). Then C is determined by considering the long-time limit of the forced Hopf equation, obtained from the fKdV equation (1.1) by omitting the linear dispersive term, with the initial condition that A(x, 0) = 0. The outcome is the criticality condition that A sx 0 when F x = 0, F = F M , and thus C = F M − ∆ 2 /12. It is then readily shown that
This expression also serves to define the transcritical regime, which is
As expected, A + < 0, A − > 0, and so the transitions both downstream and upstream are described by undular bores. The undular bore in x < 0 is described by (B.3)-(B.6) with A 0 = A − . Hence it occupies the zone
Note that this upstream wave train is constrained to lie in x < 0, and hence is only fully realized if ∆ < −6A − . Combining this criterion with (2.4) and (2.5) defines the regime
where a fully developed undular bore solution can develop upstream. On the other hand, the regime ∆ > −6A − , or
8) [5] Transcritical flow past an obstacle 5 is where the upstream undular bore is only partially formed and is attached to the obstacle. In this case the modulus m of the Jacobi elliptic function varies from 1 at the leading edge (thus describing solitary waves) to a value m − < 1 at the obstacle, where m − can be found by putting x = 0 in (B.5).
The undular bore in x > L can also be described by (B.3)-(B.6) with A 0 = −A + , after using the transformation (B.9). Hence it occupies the zone
Here, this downstream wave train is constrained to lie in x > L, and hence is only fully realized if ∆ > 2A + . Combining this criterion with (2.4) and (2.5) defines the regime (2.8), and so a fully detached downstream undular bore coincides with the case where the upstream undular bore is attached to the obstacle. On the other hand, in the regime (2.7), when the upstream undular bore is detached from the obstacle, the downstream undular bore is attached to the obstacle, with a modulus m + < 1 at the obstacle, where m + can again be found from the counterpart of (B.5) evaluated at x = L.
For the case where the obstacle has negative polarity (that is, F(x) ≤ 0, 0 < x < L), the upstream and downstream wave trains are qualitatively similar. However, the solution in the vicinity of the obstacle remains transient, and this causes a modulation of the "undular bore" solutions. The explanation for this can be found either in the "hydraulic" limit when it can be shown that there is then no locally steady solution (see [18, 30] ), or from the analysis of flow over a step, discussed in [19, 20] and summarized in Section 2.2.
2.2.
Transcritical flow over a step From numerical simulations of the full Euler equations for free-surface transcritical flow over wide obstacles, Zhang and Chwang [36] showed that a positive step generates only upstream waves while a negative step generates only downstream waves. Subsequently, Grimshaw et al. [19, 20] verified this observation in the framework of the fKdV equation (1.1), and also provided a theoretical explanation in terms of the structure of the locally steady solutions over the step. The solution for a wide obstacle can then be regarded as a combination of the solutions over two widely separated steps. Thus, since a positive obstacle is a combination of a positive step and then a negative step, it follows that the front positive step generates an undular bore propagating upstream away from the obstacle, while the rear negative step generates an undular bore propagating downstream, also away from the obstacle. Hence no waves form over the obstacle itself, and locally the solution there becomes steady. However, a negative obstacle (or hole) is a combination of a negative step and then a positive step, and so it follows that the negative step generates an undular bore propagating downstream over the obstacle, while the rear positive step generates an undular bore propagating upstream, also over the obstacle. These wave trains then meet and interact, producing an unsteady solution over the obstacle. Although each wave train may eventually propagate away from the obstacle, at least partially, numerical simulations indicate that the solution remains unsteady over the obstacle, and this modulates the undular bores propagating away from the obstacle. A numerical simulation for a wide obstacle with negative polarity (a hole) is shown in Figure 2 . A single step is defined by 10) while F(x) varies monotonically in 0 < x < W. A positive (negative) step has F M > 0 (F M < 0). Strictly, F(x) should return to zero for some L W in order to ensure conservation of mass in the fKdV equation (1.1). However, our concern here is with the locally steady solution in the vicinity of the step, and so in this section we shall ignore this, and in effect assume that L → ∞. In practice this means that the solutions constructed below are only valid for some limited time, determined by how long it takes for a disturbance to travel the distance L. Grimshaw et al. [19, 20] extended the "hydraulic" approximation used in [18, 30] , and described above in Section 2.1, to construct asymptotic solutions over the step (2.10). First, we construct the local steady-state solution A s (x) in the forcing region, which again satisfies (2.1), (2.2). However, expressions (2.3) are now replaced by
Then, as in Section 2.1, C is determined by considering the long-time limit of the forced Hopf equation with the initial condition A(x, 0) = 0. The outcome for a positive step (
1/2 . Then the corresponding solutions for A ± are given by
In the first two cases (2.12), (2.13), the upstream solution is positive (A − > 0), while in the third case (2.14), A − = 0. Hence in the first two cases an undular bore is needed to describe the transition, and is given by (B.3)-(B.6) with A 0 = A − . In the third case, no transition is needed. But we now need to impose the extra requirement that the undular bore must lie in x < 0. This leads to the condition that for a fully detached upstream undular bore,
then the upstream undular bore is only partially formed and is attached to the obstacle. Downstream, in the first case (2.12), A + = 0 and no transition is needed. In the cases (2.13), (2.14), A + > 0 and the transition is through a rarefraction wave. For a negative step, F M < 0, the outcome is
Here the constant in (2.11) is C = 0, −∆ 2 /12, F M , respectively. In the first two cases (2.17), (2.18), the downstream solution is positive, A + > 0, and so the transition is through an undular bore. In the third case (2.19), A + = 0 and no transition is needed. Imposing the condition that the bore can only exist in W > 0, we find that there is a fully detached downstream undular bore when
then the downstream undular bore is only partially formed and is attached to the obstacle. For ∆ < −(−12F M ) 1/2 we expect a stationary lee-wave train to form downstream. Upstream, in the first case (2.17) when ∆ > 0, A − = 0 and no transition is needed, while in the last two cases (2.18), (2.19) when ∆ < 0, A − < 0 and the transition is through a rarefraction wave.
Steady forced solutions
As described above in Section 2, the key quantities needed in this asymptotic approach are the limits A ± (see (2.2)) of the locally steady solution A s (x) given by (2.1). While the "hydraulic" approximation is useful in that it leads to simple explicit expressions for A ± , and has been found to agree quite well with numerical simulations, it provides no information on how the shape and width L of the obstacle might affect the solution. Hence, in this section we construct some explicit solutions of (2.1) using a phase-plane analysis, for certain special choices of F(x), where F(x) = 0, x < 0, x > L and in 0 < x < L either F(x) > 0 for a positive obstacle, or F(x) < 0 for a negative obstacle (a hole). The key parameters of interest are then the width L and the largest height F M , which is either positive or negative. Steady solutions for flow over an obstacle, or a step, have been considered by Dias and Vanden-Broeck [6] [7] [8] [9] , Binder et al. [2, 3] and Ee et al. [10, 12] , using both numerical solutions and phase-plane analysis. Here we review and extend the recent study of Ee et al. [12] , who examined steady solutions for wide obstacles and showed that, while for a positive obstacle only monotonic solutions could be found for which A s decreases from A − > 0 upstream to A + < 0 downstream, for a negative obstacle of sufficiently large width solutions for A s could be found with several trapped waves over the obstacle.
First we note that A ± are the critical points of (2.1) in the A sx − A s phase plane, when F(x) = 0, that is, both upstream and downstream outside the forcing region. They are given by (2.3), so that
Here the respective signs have been chosen to agree with the "hydraulic" approximation, and the A ± exist for all allowed values of the constant C, that is, ∆ 2 + 12C > 0 where C is yet to be determined. Then A + is a saddle point, and A − is a centre. Since we require that A + < 0 < A − , and from (2.3) it can be shown that C = −3A + A − , we see that C > 0, that is, 3A + < ∆ < 3A − . A typical phase plane when F(x) = 0 is shown in Figure 3 , where we note especially the homoclinic orbit (dashed curve), and that on the periodic orbits the direction for x increasing is clockwise. Then, in the region 0 < x < L where F(x) 0, the phase-plane orbits are modified as F(x) varies, and our task is to use this modification to connect the upstream centre to the downstream saddle point. In Section 2.1 the "hydraulic" approximation was used to construct this connection. Here we shall instead use a piecewise constant forcing, for which
3.1. Narrow obstacle First we consider the special case where F(x) = Γδ(x), which can be interpreted as the limit of the piecewise constant forcing as L → 0 with Γ = F M L fixed. Then in equation (2.1) F(x) is zero except at x = 0, where the equation is replaced by the jump conditions
The solution for x 0 is described by the phase plane shown in Figure 3 , so that for x < 0 the solution is the centre A s = A − and for x > 0 it is the homoclinic orbit through the saddle point at A s = A + . These are connected by the jump conditions (3.2) so that the starting point on the homoclinic orbit is given by A s (0+) = A + , A sx (0+) = −Γ.
In the phase plane shown in Figure 3 , the connection is a vertical line from A sx = 0 https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446181111000599 [9] Transcritical flow past an obstacle 9 F 3. Phase plane for (2.1) when F(x) = 0, C = 3, ∆ = 0.
to A sx = −Γ, with A s = A − fixed. However, since Γ is fixed, we must adjust the constant C to match this jump, and so then determine A ± from (2.3). The outcome is that
Together with the last expression in (2.3) we have two equations for A ± , and so we find that
Further, since we require that A − > 0 > A + , this expression also defines the transcritical regime
The homoclinic orbit through A + is the stationary solitary wave
The explicit solution is thus A s = 0, x < 0 and A s = A sw , x > 0, where the phase x 1 is given by
Elimination of x 1 recovers the expression (3.3). Note that this solution exists for both positive (Γ > 0) and negative (Γ < 0) obstacles, where x 1 < 0 for a positive obstacle and x 1 > 0 for a negative obstacle, a result which can also be directly inferred from the phase plane. Thus for a positive obstacle, only a suppressed solitary wave is formed, since only a portion of the region where A sw is monotonically decreasing as x increases is needed. But for a negative obstacle, the solitary wave crest at x = x 1 is part of the solution, and the downstream flow is wave-like. This feature of the flow over a negative obstacle will appear below in a stronger form for wide obstacles.
3.2. Wide positive obstacle Next we consider the solution for the piecewise constant forcing of constant width, that is, F(x) = F M , 0 < x < L. As above, the solution outside the forcing region is described by the phase plane shown in Figure 3 , so that for x < 0 the solution is the centre A s = A − and for x > L it is the homoclinic orbit, that is, the solitary wave A sw (x) (see (3.6)) through the saddle point at A s = A + . These are to be connected by an orbit from the phase plane in the forcing region, obtained from (2.1) with F(x) = F M . The boundary conditions at the ends of the forcing region are the continuity of A sx , A s at x = 0, L. Hence we set the upstream boundary condition in the forcing region as
If A − is known, these conditions determine a unique solution as a function of the parameters ∆, F M , L. The downstream solution in x > L is the homoclinic orbit, that is, the solitary wave (3.6), and so the matching conditions as x → L− are given by
These generate two equations for x 1 , and hence the constant C in (2.1) must be adjusted to ensure that a solution exists. Elimination of x 1 from (3.8), (3.9) yields a single expression connecting A sx (L−) and A s (L−), 10) which provides the required third equation in addition to (2.3) for the unknowns A ± , C. In the phase plane for the forcing region, the upstream conditions (3.7) define a unique orbit through the centre at A s = A − , and the construction described above is interpreted as the requirement that this orbit intersects the homoclinic orbit through A = A + with an intercept of total length L. First we suppose that F M > 0, corresponding to a positive obstacle. The critical points in the forcing region are given by (3.1) with C replaced by C − F M . They exist only when ∆ 2 + 12C > 12F M , equivalent to (∆ − 6A ± ) 2 > 12F M on using (2.3), and then consist of a saddle point at A s = A 1 and a centre at A s = A 2 , where
, then in the forcing region phase plane, the homoclinic orbit through the saddle point where A s = A 1 contains the critical point A s = A − , and so the required orbit through A s = A 1 is periodic and is contained within this homoclinic orbit. This in turn lies inside the homoclinic orbit A sw (x) (see (3.6)) through A s = A + in the phase plane outside the [11] Transcritical flow past an obstacle 11 forcing region. Hence there can be no intersections, and hence no steady solution.
But if instead 12F
M , then the critical point A s = A − lies outside this forcing region homoclinic orbit, and so the required orbit through A s = A − will make an intercept. Finally, if ∆ 2 + 12C < 12F M , that is, (∆ − 6A ± ) 2 < 12F M , then there are no critical points in the forcing region, and again an intercept can be achieved. A typical example is shown in Figure 4 , where the required orbit in the forcing region is the dash-dotted curve, and the other orbits are those for the phase plane outside the forcing region, as shown in Figure 3 . We see that the required orbit necessarily has A sx (x) < 0, A s (x) < A − , and so the connecting orbit describes a monotonic decrease of A s from A − upstream to A + downstream. Further, the intercept with the homoclinic orbit A sw (x) (see (3.6)) always generates only a suppressed solitary wave.
It remains to determine the constant C in the allowed case when ∆ 2 + 12C < 16F M . From the phase-plane analysis described above, we must use an unbounded orbit of (2.1) in the forcing region through the critical point A s = A − , and then apply the matching conditions (3.10). Thus it is readily found that this orbit intersects the solitary wave orbit when A s = A i , where
12 R. Grimshaw [12] and then the required length L is given by
Expression (3.12) is the required third condition, which when combined with (2.3) determines A ± , C in terms of the parameters ∆, F M , L. However, the solution is constrained by the need to impose the condition that C > 0, that is, 3A + < ∆ < 3A − . Further analysis is assisted by changing variables in (3.11), (3.12) by setting
where
(3.14) Expression (3.13) defines A d (or equivalently B i ) in terms of F M , L and hence determines the required steady solution. In principle the allowed range for B i is 0 < B i < 1, but the cubic polynomial for B in the denominator of (3.13) has a double zero at B = 3/4 when B i = 8/9, and so the actual allowed range is 0 < B i < 8/9. In the limit B i → 0, (3.13) reduces to
which is just the narrow obstacle limit (see (3.3), (3.4) ). On the other hand, as B i → 8/9, (3.13) implies that L → ∞,
15) while the transcritical regime is then given by
(3.16)
Note that this limit corresponds to the limit when ∆ 2 + 12C → 16F M from above, and hence in the phase plane the required orbit through A s = A − lies just outside the homoclinic orbit through A s = A 1 . Curiously, although these expressions (3.15), (3.16) have the same scaling as the corresponding solutions in the "hydraulic" approximation (2.4), (2.5), there is a different numerical factor, in that effectively 12F M in the "hydraulic" approximation is here replaced by 16F M . This is presumably because the sharp ends here at x = 0, L violate the assumptions of the "hydraulic" approximation. Otherwise, in general it can be shown from (3.13) that LA
1/2 d
is a monotonically increasing function of B i , and hence for every fixed L, 0 < L < ∞ and fixed F M > 0, we can deduce that there is a unique solution for A d in the allowed range, and hence a unique solution for A ± . As L increases, so does A d , and for each fixed L, A d increases as F M increases. These explicit results for a piecewise constant forcing are in broad agreement with the numerical results of Ee et al. [10, 12] for a smooth forcing term. Two plots of (3.13) are shown in Figure 5 for F M = 1, 4 together with the corresponding limiting approximations as L → 0, ∞. Note that the combination of these two limits provides a close approximation to the whole curve for nearly all L, as found by Grimshaw and Smyth [18] , Smyth [30] and Ee et al. [10, 12] . [13] Transcritical flow past an obstacle 13 
Wide negative obstacle
Here we suppose that F M < 0, corresponding to a negative obstacle. The critical points in the forcing region are again given by (3.1) with C replaced by C − F M . They exist only when ∆ 2 + 12C > 12F M , but now since C > 0, F M < 0, we see that they exist for all parameter values, and consist of a saddle point at A s = A 1 and a centre at A s = A 2 , where A 1 < A + < 0 < A − < A 2 . It can now be shown that the homoclinic orbit in the forcing region through A s = A 1 encloses the homoclinic orbit A sw (x) (see (3.6)) outside the forcing region through A s = A + . Hence the required connecting orbit in the forcing region through A s = A − must be a periodic orbit around the centre at A s = A 2 . A typical scenario is shown in Figure 6 , where the required orbit in the forcing region is the dash-dotted curve, and the other orbits are those for the phase plane outside the forcing region, as shown in Figure 3 . Note that under the present constraints (A − > 0 > A + ) it can be shown that the required intercept always exists. As before, the constant C must then be adjusted so that the connecting orbit has length L. Because the connecting orbit is periodic, the corresponding solution in the forcing region is wave-like. Further, as L increases it will become necessary to move clockwise around this orbit several times. Thus the first intercept, which lies in A sx > 0, A s > A − , describes a partial periodic wave with the crest excluded, followed by a solitary wave whose crest at x = x 1 is part of the solution and where A sx = 0; for x > x 1 , A sx (x) < 0. The next possible intercept as L increases lies in A sx < 0, A s > A − [14] and describes a periodic wave whose crest is included, connecting to a suppressed solitary wave. As L increases further, this pattern is repeated, and importantly each complete circuit of the periodic orbit corresponds to one complete wavelength of a periodic wave in the forcing region. Thus in general the solution A s (x) in the forcing region consists of N periodic waves, followed by either a partial periodic wave with the crest excluded connecting in x > L to a solitary wave A sw (x) with its crest included, or by a partial periodic wave with the crest included connecting in x > L to a suppressed solitary wave A sw (x) whose crest is excluded. We note that an analogous phaseplane argument was used by Dias and Vanden-Broeck [9] to construct trapped waves between two widely separated localized positive obstacles, confirming their numerical solutions of the full steady Euler equations.
This phase-plane analysis can be done explicitly, since the periodic orbit in the forcing region 0 < x < L can be represented explicitly by a cnoidal wave solution of (2.1). Thus we put B = ( 
Note the change of signs here in the definition of B, B i compared to that in (3.14), since we expect B(x) > 0. Also we have applied the upstream matching condition (3.7) that B x (0) = B(0) = 0. Note that as above in Section 3.2, B = B i defines the intersection of this cnoidal wave orbit with the solitary wave orbit (3.6). The cnoidal wave solution of (3.17) that satisfies the boundary condition (3.7) at x = 0 is (see Ee et al. [12] )
and
Here cn(u; m) is the Jacobi elliptic function of modulus m, 0 < m < 1, with the spatial period 4K(m)/β, and K(m) is the elliptic integral of the first kind. Note that since β 2 > 0, 0 < m < 1/2 and a > 0. Finally, we impose the condition that B(L) = B i , so that
This is the required condition which determines the constants C, A ± in terms of
Then, using the formulas in (3.19), (3.20) can be regarded as an equation defining βL = G(m) given by
Further, since 0 ≤ cn 2 (·) ≤ 1, the expression (3.21) can only have solutions in the range 1/5 < m < 1/2. Hence, from (3.19), 1/2 < a < ∞ and 1/2 > B i > 0, while elimination of d , which is the narrow obstacle limit (3.3), (3.4) of Section 3.1. A plot of the solution of (3.22) is shown in Figure 8 for the upper branch when G(m) = G 0 (m), n = 0, corresponding to Figure 7 . Finally, in Figure 9 we show the first four branches for A d as a function of L for two fixed values of F M . Each plot exhibits two loops as L increases, and as more branches are added, more loops will appear. On each loop with a fixed F M < 0, A d has a maximum value
Note that the loops meet at the sequence of points L = L n = 2nK(1/2)/(−F M ) 1/4 . As L → L n , A d → 0, implying that then A ± → 0, ∆ → 0, while the wave amplitude a → ∞. Hence there is no transcritical regime for these special values of L = L n , where it seems that instead a nonlinear resonance will occur. All the results described above agree qualitatively with the numerical solutions of Ee et al. [12] for a smooth wide negative obstacle.
Discussion
In this paper we have reviewed the asymptotic solution of the fKdV equation (1.1) proposed by Grimshaw and Smyth [18] and Smyth [30] for flow over a localized obstacle and recently extended by Grimshaw et al. [19, 20] to flow over a step. The essential hypothesis is that the solution consists of upstream and downstream undular bores connected by a locally steady solution over the obstacle. The role of this locally steady solution is to provide the downstream and upstream constant elevations A ± with A + < 0 < A − , so that the undular bore solutions can then be constructed using modulation theory, as described in Appendix B. Hence we have in Section 3 focused especially on the structure of this locally steady solution, with an emphasis on the obstacle width as well as its amplitude, following the approach used in the studies by Ee and Clarke [10] and Ee et al. [12] . However, whereas these works used primarily numerical solutions to find the allowed steady states, here we have examined the special case of a piecewise constant obstacle, for which a complete explicit solution can be found using phase-plane methods.
For a positive obstacle, our explicit analysis confirms several previous numerical solutions of both the unsteady fKdV equation (1.1) and the steady fKdV equation (2.1), which show that a locally steady solution of the required kind, decreasing monotonically from A − > 0 upstream to A + < 0 downstream, can always be found for all obstacle heights and widths. Hence the interpretation of the upstream and downstream solutions outside the obstacle as undular bores propagating away from the obstacle would seem to be valid for all positive obstacles, independently of the obstacle width. However, in agreement with the recent study by Ee et al. [12] , we find from our explicit analysis for a negative obstacle that while such required steady solutions can indeed be found for all obstacle heights and widths, the solution is not a monotonic transition from A − > 0 upstream to A + < 0 downstream, and instead is characterized by the formation of trapped waves over the obstacle (in this case a hole), where the number of such waves increases as the width increases. Although it might now seem possible to construct downstream and upstream propagating undular bores as can be done for a positive obstacle, some caution is needed. Several numerical simulations of the unsteady fKdV equation (1.1) (see [18] [19] [20] , for instance) seem to show that the solution remains unsteady over a negative obstacle for long times, with a consequent modulation of the downstream and upstream propagating undular bores. While it may simply be the case that the desired steady state over the obstacle requires a very long time to be reached, we explore alternative explanations as to why the steady state constructed for a negative obstacle may not be realizable from the zero initial condition used in the cited numerical simulations. First we note that Ee and Clarke [10, 11] showed that for a localized negative obstacle, these steady solutions were unstable, whereas the steady solutions constructed for a positive localized obstacle were stable. confined between a free surface at z = 0 and a rigid bottom at z = −h, and has a density field ρ 0 (z), a horizontal shear flow u 0 (z) in the x-direction, and a pressure field p 0 (z) such that p 0z = −gρ 0 . The density stratification is described by the buoyancy frequency N(z), where
Then, relative to this basic state, we construct an asymptotic expansion for weakly nonlinear long waves. For this purpose a small parameter 1 is introduced. At the leading order we get linear long wave theory,
Here ζ is the vertical particle displacement relative to the basic state, and the modal function φ(z) satisfies the system
3) is the long-wave limit of the Taylor-Goldstein equation, and with the boundary conditions (A.4) determines the modal function and the linear long wave speed c. Typically this boundary-value problem (A.3), (A.4) defines an infinite sequence of modes, but here we select the resonant mode defined by c = 0, or allowing for a small detuning, we set c = 2 ∆. Then, as time increases, the hitherto neglected nonlinear terms come into play and cause wave steepening. However, this is opposed by the terms representing linear wave dispersion, also neglected in the linear long wave theory. A balance between these effects emerges as time increases, technically obtained as a compatibility condition at the second order in the expansion. The outcome is the KdV equation for the wave amplitude,
where 3) collapses to a linear sinusoidal wave (note that in this limit a → 0). The asymptotic method of [22, 32] is to let expression (B.3) describe a modulated periodic wave train in which the amplitude a, the mean level d, the speed V and the wave number κ are all slowly varying functions of x and t. The outcome is a set of three nonlinear hyperbolic equations for three of the available free parameters, chosen from the set {a, κ, V, d, m} or, rather better, from an appropriate combination of them. Small oscillatory wave trains are needed to smooth out the discontinuities in A x at the corners (see [22] ). The corresponding solutions when the initial condition is instead 
